PARTIAL DIFFERENTIAL EQUATIONS

XAVIER ROS OTON

5. NONLINEAR PARABOLIC PDE AND THE NAVIER-STOKES EQUATIONS

(1) Let u(z,t) be the solution of the heat equation in R"

ou—Au = 0 in R” x (0,00)
u(z,0) = wuo(x) for t=0.

given by

|lz— ul

u(z, t) :1/(47rt)”/2/ uo(y)e™ dy

n

Prove that, for any k € N, if u, € C¥(R") and all its derivatives (up to order k) are

bounded then
C
[u(®) |l ortr(mny < mHUoHck(Rn)
for some constant C' depending only on n and k.

(3 points)

(2) Let u,v € C*®(Q x [0,7T]) be two solutions of the nonlinear Schrédinger equation

iOu—Au = f(u) in Qx(0,7]
u = 0 on 00 x[0,T]

with f € C°°. Prove that
Ju(t) = v(t) |2y < e“*||u(0) — v(0)][2(q)

for some constant C.
(3 points)

(3) (i) Let u € C(Q x (0,T)) be a solution of
8tu — Au = f(u) in Qx(0,7)
0 on 00 x (0,7)

Prove that
d

G | QIveP = F@) == [ jo
where F' = f. This means that the “energy” of u is decreasing with time.
(ii) A stationary solution U(x) of
-AU = f(U) in Q
U =0 on 0f}
1



(0.1)

is called asymptotically stable if there is an & > 0 such that for any u, € C(f) satisfying
U, = 0 on 0f) and

we have that the solution u(z,t) of

Ou—Au = f(u) in Qx(0,7)
u = 0 on 00 x (0,T)
u(z,0) = uo(x) for t=0

exists for all time (that is, 7' = oo) and
1tli}m u(z,t) = U(x) uniformly for z € Q.
Prove that if U € C%(Q) is an asymptotically stable solution then
EWU)<EWU+n) forallneC(Q) with |n]rem) <e,
where €(w) = [, (3|Vw[? — F(w)).

(4 points)
Let u € C(Q x [0,T]) be a solution of
ou—Au = —u? in Qx (0,7
u = 0 on 090 x (0,7T].
Prove that u(x,T") < 1/T, regardless of the initial data at ¢ = 0.
Hint: Use the comparison principle.
(3 points)

The KPP equation
{ Ou—Au = wu(l—u) in R"x(0,7)
u(z,0) = wuo(x) for t=0
is one of the most classical reaction-diffusion PDEs, and models population dynamics.
(i) Prove that if 0 < uo(z) < 1 for all z € Q then 0 < u(z,t) < 1 for allt >0, z € Q.
(ii) Prove that for any e € S"~! there is a travelling-wave solution of the type
1

u(z,t) =v(x-e— ct), v(z) = 1+ ef2)2

for some 8 > 0 and some ¢ > 0.

(3 points)

Using that any solution U(x,t) to the heat equation

oU—-AU = 0 in Qx(0,00)
U = 0 on 992x(0,00)

satisfies, for 1 < p < ¢ < o0,
_n(1l_1
0@y < 0G0 O) v
prove that:



3

(i) Given a C* and globally Lipschitz function f, and any initial data u, € L'(Q),
there exists a solution to the nonlinear heat equation
Ou—Au = f(u) in Qx(0,7)
u = 0 on 90 x(0,T)
u(z,0) = wuo(x) for t=0.
for a short time 7" > 0.
(ii) Such solution u(t) is bounded (and therefore C'*°) for positive times ¢ > 0.

(4 points)

(7) Let @ € C*°(£2) be given.

(i) Prove that there exist functions w, : @ — R™ and ¢ :  — R, such that
W= w, + Vq
divws =0 in Q2

and with ¢ = 0 on 01.

(ii) Prove that such representation for « is unique. Thus, we may denote

wy = ITw,

the Leray projection of .

(iii) Using the results from Chapter 2, deduce that

I ey < Clll| e

for all £ > 1.

(4 points)

(8) Let i € C°(2 x (0,T)) be a solution of the Navier-Stokes equations

(0.2)

ou+ (Z-V)i = Au—Vp in Qx(0,7)
divii = 0 in Qx(0,7)
u = 0 on 00 x(0,T)

d
/ 2z < 0
i Jq

Prove that

(3 points)

(9) Let @ € C*®°(Q) and  C R? (that is, n = 2).

Prove that if diva = 0 in €, then there exists a unique function v such that

= curly := (=01, Op )

and ¥ = 0 on 0f.
Moreover, prove that
—AY=w in Q.

where w := Oy, us — Og,u1.

(2 points)



(10)

(11)

Let Q C R? (in 2D), and @ € C®(Q x [0,T)) be any solution of the Navier-Stokes
equation ((0.2)).
(i) Prove that, if we denote @ = (u,us), then the vorticity

w(z,t) := curld = 0y, ug — Og,u1,
solves the PDE
Ow~+4-Vw=Aw in Qx(0,7).
Prove also that
AU = (—0p,w,0p,w) in €,

so that, since @ = 0 on 0f), then @ is uniquely determined by w.

(ii) Assuming that [, 852”% < 0 for all ¢ > 0, prove that

w2 < llwollzz@)  forall t € (0,T),

where w, is the vorticity at time ¢ = 0.

(iii) Using the previous Exercise, and the results from Chapter 2, prove that

4 ) < Cllwsl|z2(0)-

This means that, in 2D, the H! norm of the solution cannot blow-up in finite time.

(4 points)

Let us consider the Navier-Stokes equation (0.2)) in dimension n < 3.
Using the bound for the heat equation

Mt=Y2||v|| i for te€(0,1)
. @ :
1] a2 0 —{ Me o]l gy for > 1,

prove that there exists § > 0 such that if the initial data satisfies
Wo||H2(Q) <4
then the solution # of (0.2)) exists for all time ¢ > 0 (that is, T' = o).
Note: Use without proof, as in the proof of short-time existence for ((0.2)), the inequality
(@ - V)| g1y < CHu')'H%IQ(Q), valid for all functions @ € H?(2) with @ = 0 on 99.

(3 points)
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